Notes on the theory of granular lattices  by Pei, Daowu
An International Journal 
computers & 
mathematics 
with appkation8 
PERGAMON Computers and Mathematics with Applications 43 (2002) 975-980 
www.elsevier.com/locate/camwa 
Notes on the Theory of Granular Lattices 
DAOWU PEI 
Faculty of Science, Xi’an Jiaotong University 
Xi’an, Shaanxi 710049, P.R. China 
and 
Department of Mathematics, Yancheng Teachers College 
Yancheng, Jiangsu 224002, P.R. China 
pdw0302Qsina.com 
(Received June 2000; revised and accepted June 2001) 
Abstract-In this paper, the following two open problems in the theory of granular lattices are 
studied. 
(1) In a nondistributive complete lattice, is it true that any component of an element with finite 
width is also of finite width? 
(2) Give the characterization of the functions which preserve the granule-decomposable property 
or granule property. 
It is shown through constructing a counterexample that there is a nondistributive complete lattice in 
which a component of some element with finite width is not of finite width. Furthermore, it is showed 
that an &morphism between complete lattices can preserve the granule-decomposable property and 
granule property, and some counterexamples are given out to show that the condition of isomorphism 
is indispensable. So the two open problems list above are completely solved. @ 2002 Elsevier Science 
Ltd. All rights reserved. 
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In order to build further connection between topology and algebra, Wang introduced the com- 
ponent theory in complete lattices, and showed that a topological space X is locally connected if 
and only if the lattice of all open sets of X is a granular lattice [1,2]. 
In [l], some interesting problems are proposed. Two of these problems are as follows. 
PROBLEM 1. In nondistributive lattices, is it true that the components of an element with finite 
width are all of finite width? 
PROBLEM 2. Give the characterization of functions which can preserve the granule-decomposable 
property and granule property. 
In this paper, we discuss the above two problems. The next section is preliminary, and in the 
second section, we show through a counterexample that in nondistributive lattices, the compo- 
nents of an element with finite width need not be of finite width, and show that isomorphisms 
between complete lattices can preserve the granule-decomposable property and granule property. 
Moreover, we show the isomorphic condition is indispensable by some examples. 
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which have significantly improved quality of this paper. 
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1. PRELIMINARY 
The concepts and notations introduced here mainly come from [l-3]. 
DEFINITION 1. (See [1,2].) Let L be a lattice, a, b E L. 
(i) If there exists some c E L such that b V c = a, b A c = 0, then a is said to be decomposable 
by b in Wang’s sense, or to be wider than b, and denoted by a(W)b. 
(ii) If b 5 a, and t/x E L, b 5 2 5 a implies z(W)b, then we say that b is a component of a. 
The set of all components of a is denoted by camp(a). 
(iii) We say that a is of finite width if Icomp(a)l < 00. 
DEFINITION 2. (See [1,2].) Let L be a lattice, a E L. 
(i) If camp(a) = (0, a}, and a # 0, then we say that a is a granule of L. 
We use G(L) to denote the set of all granules of L. 
(ii) L is a granular lattice if every nonzero element of L has granular components. 
(iii) L is called a granule-decomposable lattice if every nonzero element of L can be represented 
by the union of its all granular components. 
REMARKS. 
(i) In Definitions 1 and 2, we do not require the condition that the lattice L is complete so 
that we can consider the corresponding problems in general lattices. 
(ii) Obviously, a(W)O, a(W 0,~ E camp(a), and a = Vcomp(a). In order to avoid these 
trivial cases, we may restate Definition 1 by adding the condition 0 < b < a in (i) and 
using the condition b < x 5 a to replace b 5 x 5 a in (ii). Thus, we will have that a # 0 
is a granule if and only if camp(a) = 8. However, in this case, the definitions of a granule 
lattice and a granule-decomposable lattice must be changed. In fact, in this case, there 
is no (granular) components for all granules. For convenience, we still use the origin 
definitions proposed by Wang in [1,2]. 
The following examples can help us better understand the previous concepts. 
EXAMPLE 1. (See [2].) Suppose that L = 2 x is the power set of X # 8. Then for any A, B E L, 
we can verify the following conclusions: 
(i) A(W)B if and only if B c A; 
(ii) camp(A) = 2A; 
(iii) A is a granule of L if and only if A is a singleton. Thus, G(2x) = {{x} 1 2 E X}. 
(iv) A is of finite width if and only if it is a finite subset of X. 
(v) L is a granular lattice, and is also a granule-decomposable lattice. 
From this example, we can see that the notion of a granule indeed is a generalization of the 
notion of an atom in the subset lattice 2x of a nonempty set X. In 2x, the atoms are the same as 
the granules, namely, the singleton {x),x E X. However, many well-known lattices which have 
no atoms have granules. 
EXAMPLE 2. (See [2].) Suppose that L = [0, llx = {f : X -+ [0, I]} is the set of all fuzzy subset 
of X # 0. Then for any f, g E L, we can verify the following conclusions: 
(i) f(W)g if and only if for every x E X, f(x) = g(x) whenever g(x) > 0; 
(ii) f is a granule of L if and only if f is a fuzzy point; 
(iii) f is of finite width if and only if its support set Supp(f) is a finite subset of X; 
(iv) L is a granular lattice, and is also a granule-decomposable lattice. 
It is useful to observe the following facts. 
(i) All nonzero elements of nontrivial complete chains are all granules, thus, any nontrivial 
complete chain is a granular lattice, and is also a granule-decomposable lattice. 
(ii) Any nontrivial finite lattice always has granules since in them any element covering the 
smallest element 0 must be a granule. 
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EXAMPLE 3. Suppose that X = (0,l) \ Q where Q is the all rational numbers, and U is the 
ordinary topology on (0, l), and L is the restriction of U on X. Then L is a complete lattice 
with respect to the relation C_ (indeed, it is a complete Heyting algebra). We know that for 
any topological space (X, T), the topology 7 (the set of all open sets) forms a complete lattice 
with respect to the relation G, in which the supremum of a family of open sets {Ut 1 t E I} is 
their union UtEI U,, and the infimum of {Ut 1 t E I} is the interior of their intersection n,,, U,. 
Moreover, it can be proved that L has no granules. 
EXAMPLE 4. Suppose that L is the lattice given by Figure 1. Then L is a granular lattice, and L 
is also a granule-decomposable lattice. The only nontrivial W-relations are 
l(W)% 10% 1(W)% 15i54. 
Here only nontrivial component relations are a, b, ci E comp( 1) for 1 5 i 5 4, and the set of all 
granules of L is G(L) = {a, b, cl, ~2, cg, cd}. 
1 
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Figure 1. 
PROPOSITION 1. (See [1,2].) Let L be a distributive lattice, a, b, c E L, then 
(i) b E camp(a) if and only if a(W)b; 
(ii) b E camp(a) if and only if there exists unique b’ such that b V b’ = a, b A b’ = 0; 
(iii) If b E camp(a), and c E camp(b), then c E camp(a). 
It has been pointed out in [l] that for (i)-(Z) of Proposition 1, the condition that L is a 
distributive lattice cannot be weakened. 
PROPOSITION 2. (See [1,2].) Let L be a distributive lattice. If a E L is of finite width, then 
‘v’b E camp(a), b is also of finite width. 
REMARKS. 
(i) If L is not a distributive lattice, does Proposition 2 still hold? We will answer it in the 
next section. 
(ii) In [l], Wang proposed Problem 2, that is, characterize functions which can preserve the 
granule-decomposable property and granule property. He pointed out that the frame 
morphisms (preserving arbitrary unions and finite joins) cannot preserve the granule- 
decomposable property and granule property (see Example 9 in the next section). We 
also will discuss this problem in the next section. 
2. MAIN RESULTS 
Now we can answer Problem 1. 
THEOREM 1. In a nondistributive complete lattice, the components of an element with finite 
width need not be of finite width. 
PROOF. Let L be the lattice given by Figure 2. It can be verified that L is a complete lattice, 
but it is not a distributive lattice. We know that camp(1) = (0, a, 6, c, d, l}, so 1 is of finite width. 
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But as a component of 1, a is not of finite width because 
camp(a) = {O,c,a,zl,22,. . .}. 
So we solved Problem 1. Next we discuss Problem 2. 
Figure 2. 
THEOREM 2. Let f be an isomorphism between two complete lattices L1 and La, that is, f 
satisfies the following four properties: 
(Pl) f is one to one; 
(P2) f is onto; 
(P3) f is order-preserving; 
(P4) f-i is order-preserving. 
Then 
(i) a0 E camp(a) if and only’if f(ao) E comp(f(a)); 
(ii) a E G(L1) if and only if f(a) E G(L2); 
(ii) L1 is a granular lattice if and only if L2 is a granular lattice; 
(iv) L1 is a granule-decomposable lattice if and only if Lz is a granule-decomposable lattice. 
Moreover, every one of Conditions (PI)-(P4) cannot be deleted for the conclusion. 
PROOF. It is not too difficult to prove that conclusions (i)-(’ ) iv are true if f is an isomorphism. In 
order to complete the proof, we give out some examples to show that each of Conditions (Pl)-(P4) 
is indispensable. 
EXAMPLE 5. (Without (Pl), naturally, without (P4).) L 1 and Ls are given out by Figure 3. 
The function f : L1 + L2 is defined as 
f (0) = 0, f(l) = 1, f(a) = f(6) = c. 
Clearly, f satisfies (P2) and (P3), but does not satisfy (Pl) 
a, b E camp(l), c = f(a) ti cow(l); 1 $ Wl), 1 E G(L2). 
This example shows that if f is not one to one, then (i),(ii) of Theorem 2 do not hold. 
EXAMPLE 6. (Without (P2), naturally, without (P4).) L 1 and L2 still are given out by Figure 3. 
We define function g : Ls --) L1 as follows: 
g(O) = 0, g(l) = 1, g(c) = a. 
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Figure 3. 
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Figure 4. 
Obviously, g satisfies (Pl) and (P3), but does not satisfy (P2). By Example 9, in Theorem 2, (i) 
and (ii) do not hold. 
EXAMPLE 7. (Without (P3).) L 3 and L1 are given out by Figure 3. Define function f : Ls + L1 
as follows: 
f (0) = 0, f(l) = I, f(d) = a, f(e) = b. 
Thus, f satisfies (Pl), (P2), and (P4), but does not satisfy (P3). We can easily show 
d @ camp(l), a = f(d) E camp(1); 1 E G(L3), 1 $ G(b). 
Therefore, Conclusions (i) and (ii) of Theorem 2 still do not hold. 
EXAMPLE 8. (Without (P4).) L 1 and L3 still are given out by Figure 3. Let function g = f-l. 
Then g satisfies (Pl)-(P3), but does not satisfy (P4). By Example 11, (i) and (ii) of Theorem 2 
do not hold. 
It is worth notice that the lattices L 1, L2, and Ls in Figure 3 are all granule-decomposable 
lattices. Now we use some new examples to show that conclusions (iii) and (iv) of Theorem 2 
still do not hold without any one of (Pl)-(P4). 
EXAMPLE 9. (See [l].) (Without (Pl).) Let L be the open set lattice of the ordinary topology 
on (0,l). Then it is a granule-decomposable lattice. Let M be the complete lattice given out by 
Example 3. The function f is defined as 
f:L-+M, uk-+unx, u E L. 
Then f satisfies (P2) and (P3), but does not satisfy (Pl). By Example 3, M is a lattice without 
granules. Therefore, if f does not satisfy (Pl), then (iii) and (iv) of Theorem 2 do not hold. 
EXAMPLE 10. (Without (P2).) Let L1 be the sublattice {L,B} of the lattice given out in 
Example 9. Then (Ll, C) is a complete lattice, and is a granule-decomposable lattice. Set 
g= f 1 L1: Ll+ M. Then g satisfies (Pl) and (P3), but does not satisfy (P2). By Example 9, Al 
is a lattice without granules. Therefore, (iii) and (iv) of Theorem 2 do not hold without (P2). 
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EXAMPLE 11. (Without (P3).) Let Lr and LZ are given out by Figure 4. 
Clearly, L1 is a granular lattice and a granule-decomposable lattice. But Lz is a lattice without 
granules. Define function f : L1 -+ Lz as follows: 
f (0) = 0, f(l) = 1, f (ai) = h, i E N. 
Then f satisfies (Pl), (P2), and (P4), but does not satisfy (P3). Therefore, (iii) and (iv) of 
Theorem 2 do not hold without (P3). 
EXAMPLE 12. (Without (P4).) Let Lr and L2 still are given out by Figure 4, and function g = 
f-l. Then g satisfies (Pl)-(P3), but does not satisfy (P4). By Example 11, (iii) and (iv) of 
Theorem 2 do not hold. 
So, we have answered Problem 2 completely. 
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